Thermal expansion is a problem in many technological applications and its control represents a challenge in materials design. In this Letter, after studying the correlation between thermal expansion, cubic-to-rhombohedral transition and lattice parameter of ReO 3 -type structures, I show how in the different methods for controlling thermal expansion the key element is actually the lattice parameter. By varying the lattice parameter through external pressure, chemical modifications or other methods, the single-well potential energy of the octahedral rotation, responsible for Negative Thermal Expansion (NTE), can be turned into a quartic anharmonic potential or into a doublewell potential, thus enhancing or suppressing the NTE, respectively. This result can be extended to other framework-structures and should be taken into account to overcome the challenge of controlling thermal expansion.
The vast majority of materials expand on heating, while rare exceptions contract with increasing temperature. This fascinating property, known as negative thermal expansion (NTE), is very interesting both from a scientific and technological perspective. As a matter of fact, thermal expansion represents a problem for many materials and engineering applications, because when two coupled-materials expand differently when heated, this can lead to thermal shock breakage and failures of the system. For this reason, controlling thermal expansion represents a challenge for material design, and NTE is the starting point to develop materials with controlled thermal expansion [1, 2] . Different methods are under investigation to control the thermal expansion. The application of external pressure represents a possible physical route to this goal. Indeed, on the basis of thermodynamics considerations, it is expected that the positive thermal expansion is diminished by the effect of pressure, while the negative thermal expansion is enhanced under pressure [3] . This behavior was experimentally confirmed, for example, in zinc cyanide [4] . However, a few years ago, it was discovered that pressure induces switching between thermal contraction and expansion in ferroelectric PbTiO 3 [5] , and similar reverse behavior was observed in other compounds [6] [7] [8] .
Another promising route to control the thermal expansion is represented by chemical modification [2, 9] . The most famous example is probably the case of metal fluorides with ReO 3 -type structure, where the thermal expansion can be tuned from negative to zero to positive by acting on the chemical composition [10, 11] . Very interesting is the case of the cubic MZrF 6 series (M = Ca, Mn, Fe, Co, Ni, Zn), where the thermal expansion changes from about -6.7 to +18.2 × 10 −6 K −1 [12] , and where CaZrF 6 displays a large NTE over a wide temperature range, much stronger than the most famous ZrW 2 O 8 and other cornersharing framework structures [13] . Other interesting examples are given by Sc 1−x M x F 3 (M = Y, Ti, Al, Ga, Fe) solid solutions [6, [14] [15] [16] , where the precursor is scandium fluoride (ScF 3 ), another popular NTE material [17] . Recently, nano-size effects have been exploited to suppress the NTE of ScF 3 [18] .
The aim of this Letter is to understand how the pressure, the chemical modification or also other methods like nano-size effects, can act to tune the thermal expansion, shedding light on the switching between negative and positive thermal expansion and viceversa. I have adopted as reference for our study the MZrF 6 series. This series, with the exception of CaZrF 6 , show a cubic to rhombohedral structural phase transition which occurs with decreasing temperature [19, 20] . The same behavior is displayed by other metal fluorides with ReO 3 -type structure [21, 22] , including the Sc 1−x M x F 3 solid solutions [6, [14] [15] [16] . This transition, which leads to symmetry lowering and is frequently observed also under pressure [15, 17] , can be visualized as rotation of octahedra about the crystallographic 3-fold axis ( Fig. 1 ). Because rigid rotations of octahedra can be viewed as Rigid Unit Modes (RUM), which gives explanation for NTE [3, 23] , we can infer that the cubic to rhombohedral phase transition is in some way directly connected with the NTE behavior. On the other hand, it is well-known that RUMs softening in NTE framework structures is at the origin of structural phase transitions [24] .
Based on what we have just stated, in panel (a) of Fig Fig. 1 ) around M and Zr [25] , respectively, plays a key role. Indeed, it can be identified as a Rigid Unit Mode strongly contributing to NTE [25] , and it can be strongly connected to the cubic-to-rhombohedral phase transition, which also involves rigid rotation of octahedra.
The CRYSTAL-14 package was used in this calculation, a periodic ab initio program which uses a Gaussian-type basis set to represent the crystalline orbitals [26] . For our purposes, I have chosen to study CaZrF 6 , the one with the largest NTE and which shows no transition, and CoZrF 6 , which exhibits positive thermal expansion and cubic-to-rhombohedral transition at about room temperature (Fig. 2) . All-electron basis sets were employed, consisting of (9s)-(7631sp)-(621d) for zirconium atoms [27] , (7s)-(311sp) for fluorine [28] , (8s)-(6511sp)-(3d) for calcium [29] , and (8s)-(6411sp)-(41d) for cobalt [30] . Pure density functional theory calculations have been performed using von Barth-Hedin [31] exchange and correlation functionals, which reproduce very well the experimental vibrational frequencies of the Raman active modes of CaZrF 6 [25] . The Brillouin zone was sampled with a 12×12×12 k-mesh of Monkhorst-Park scheme [32] , while the truncation criteria for bielectronic integrals (Coulomb and exchange series), controlled by five parameters, was set to default values (7 7 7 7 14). To ensure good convergence, the self-consistent-field convergence threshold on total energy was set to 10 −8 Hartree for initial geometry optimization, to 10 −10 Hartree for frequency calculation and subsequent energy scan. More details on the computational aspects can be found in Refs. [26, 33] .
The geometry optimization for CaZrF 6 gives a lattice parameter of about 8.4260Å with fluorine position x=0.23889, while that for CoZrF 6 leads to a lattice parameter of about 7.8247Å and fluorine position x=0.25695. These lattice parameters are in good agreement with the experimental data ( Fig. 2) , whose difference is about 1.0 % and 2.4 %, respectively.
However, when we calculate the vibrational frequencies at the Γ-point of the Brillouin zone, we find that the vibrational mode with F 1g symmetry, corresponding to rigid rotation of MF 6 and ZrF 6 octahedra, has a negative frequency (about -1.09 THz) in the case of CoZrF 6 . As expected, this means that CoZrF 6 at 0 K is instable in the cubic form, unlike instead of
By performing an energy scan of the F 1g mode, i.e, the energy study as a function of angular rotation θ of ZrF 6 (or MF 6 ) octahedra [34] , we can observe the existence of a double-well potential in the case of CoZrF 6 (Fig. 3) , where the two minima correspond to equilibrium positions. Therefore, at low temperature, CoF 6 and ZrF 6 octahedra are rotated with respect to the cubic form, consistently with the rhombohedral form observed experimentally at low temperature (Fig. 1) . In contrast, CaZrF 6 displays a single-well potential energy (Fig. 3 ), in agreement with the experimental absence of the cubic-torhombohedral transition at low temperature.
According to Fig. 2 , the lattice parameter should play a key role in the phase-transition and thermal expansion behavior. As a consequence, by applying an external pressure (up to about 2.8 GPa), I have progressively reduced the lattice parameter of CaZrF 6 (up to -1.2 %) and performed an energy scan of the F 1g vibrational mode. The result is reported in Fig. 4 .
It is very interesting to observe that reducing the lattice parameter, the single-well potential firstly turns into a quartic anharmonic potential, then it turns into a double-well potential, progressively deeper and with increasingly distant minima positions (Fig. 4) . This indicates At this point, what we are most interested in, is the thermal expansion behavior reported in Fig. 2 . We know that the NTE is strongly related to RUMs [3, 23] , hence to the rotations of ZrF 6 and MF 6 octahedra. At a given temperature T , the lattice parameter a(T ) can be written as:
where a 0 is the lattice parameter with no rotation, θ 2 T is the mean-square angular displacement of the ZrF 6 (or MF 6 ) octahedra at temperature T . According to Eq. (1), the distribution of the angular displacement, ρ(θ, T ), plays a key role in the thermal expansion behavior. This distribution can be connected to the one-dimensional energy potential, V (θ), through the equation [35] :
where k B is the Boltzmann constant. Then using the energy potentials shown in Fig. 4 , I have reconstructed the angular distributions ρ(θ, T ) as a function of temperature for the different levels of lattice compression, as reported in Fig. 5 . It can be observed that the angular distribution consists in one single distribution which gradually widens with increasing lattice compression, up to split into two peaks at high compressions (Fig. 5 ). This behavior is very important to explain the change of thermal expansion, including the switching between negative and positive thermal expansion and viceversa. In fact, by Eq. (1), the relative thermal expansion is ∆a
and depends on the "temperature evolution" of the mean-square angular displacement θ 2 , which can be calculated at any temperature and compression by equation
The panel (a) of Fig. 6 shows the temperature evolution of the mean-square angular dis- i ) at low lattice compressions (here up to -0.6 %) the NTE is enhanced. This because the single-well potential in which the octahedra rotate, turns into a quartic anharmonic potential (Fig. 4) . The presence of a quartic potential increases the variation of θ 2 with temperature ( Fig. 6a) and thus enhances the NTE (Fig. 6b) . The origin of the strong NTE of ScF 3 , explained in terms of quartic anharmonic potential [36] , can be placed in this context. In other words, ScF 3 , unlike other metallic MF 3 fluorides, has a proper lattice parameter so to have a quartic anharmonic potential in which the ZrF 6 octahedra can rotate more freely, thus resulting in a very strong NTE;
ii ) at higher lattice compressions (here starting from -0.9 %) the thermal expansion switches from negative to positive. This because the single-well potential in which the octahedra rotate, turns into a double-well potential (Fig. 4) . The presence of a double-well potential reduces the variation of θ 2 with temperature ( Fig. 6a) and thus inhibits the NTE (Fig. 6b ). Note that above the phase-transition temperature, the thermal expansion returns negative but with lower magnitude. The tuning of thermal expansion recently reached in ScF 3 nanoparticles and explained in terms of localized rhombohedral distortion [18] , falls in this second case. By reducing the crystal size, from bulk to progressively smaller nanoparticles, the average lattice parameter becomes smaller and smaller [18] , therefore, according to Fig. 4 , the single-well potential of the ScF 6 octahedra rotation turns into a double-well potential. This explains the observed rhombohedral distortion of ScF 3 in nanoform and the subsequent suppression of NTE.
In summary, in this Letter, thanks to the study of the relationship between thermal expansion, cubic-rhombohedral transition and lattice parameter of ReO 3 -type structures, I have found out that the absolute value of the lattice parameter plays a key role in the control of thermal expansion. By varying the lattice parameter through external pressure, chemical modifications or also other methods, the single-well potential in which the octahedra rotate can be turned into a quartic anharmonic potential or into a double-well potential, thus enhancing or inhibiting the NTE, respectively. This rule can be extended to other framework-structures and should be kept in mind to overcome the challenge of controlling thermal expansion. * E-mail address: andrea.sanson@unipd.it
